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Abstract 



In the paper we discuss the Backlund transformation of the KdV equation between solitons 
and solitons, between negatons and negatons, between positons and positons, between rational 
£H \ solution and rational solution, and between complexitons and complexitons. We investigate 

the conditions that Wronskian entries satisfy for the bilinear Backlund transformation of the 
KdV equation. By choosing suitable Wronskian entries and the parameter in the bilinear 
Backlund transformation, we obtain transformations between many kinds of solutions. 
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^- ■ 1 Introduction 

cn 

\Q ■ The Wronskian can be considered as a bridge connecting with many classical methods in soliton 
theory. This is not only because soliton solutions in Wronskian form can be obtained from the 
Darboux transformation p], Sato theory[2j[3] and Wronskian technique [i] - [TO] . but also because 
the exponential polynomial for iV-solitons derived from Hirota method [TT| [T2] and the matrix 
form given by the Inverse Scattering Transform |131 [T3] can be transformed into a Wronskian by 
extracting some exponential factors. The special structure of a Wronskian contributes simple 
forms of its derivatives, and this admits solution verification by direct substituting Wronskians 
into a bilinear soliton equation or a bilinear Backlund transformation(BT). This approach is re- 
ferred to as Wronskian technique [4]. In the approach a bilinear soliton equation is some algebraic 
identity provided that Wronskian entry vector satisfies some differential equation set which we 
call Wronskian condition. A useful generalization for the technique was made by Sirianunpiboon, 
Howard and Roy (SHR)[T5] who substituted a triangular coefficient matrix for the original di- 
agonal one in the Wronskian condition for the KdV equation. This generalization enables many 
solution such as rational solutions, positons [TOJITT], negatons|18j. complexitons [1"9| [20] and mixed 
solutions to be expressed in Wronskian form. In two recent paperspU [22], solutions to the KdV 
equation were reviewed in term of Wronskian on the basis of SHR's generalization. In [21 j Ma and 
You first investigated all kinds of Wronskian entry vectors related to different canonical forms of 
the coefficient matrix in the Wronskian condition. In [22] Zhang formulated the Wronskian tech- 
nique as four steps, (i.e., finding the most possible wide Wronskian conditions, getting all possible 
Wronskian entry vectors, describing relations between different kinds of solutions, and discussing 



* E-mail: xuanzi001@yahoo.com.cn 

t Corresponding author. E-mail: djzhang@staff.shu.edu.cn 



1 



parameter effects and dynamics of the solutions obtained), and gave detailed discussions for the 
first three steps. 

Both SHR's generalization [To] and the two recent reviews [2"T|I22| are based on bilinear equa- 
tions but not BTs. It is well known that besides bilinear equations, the Wronskian verifications 
can also be achieved through bilinear BTs. Bilinear BT was first found by Hirota in 1974|23|. In 
general, there is a parameter in a bilinear BT, and by putting special value to the parameter the 
BT can provide a transformation between (N — l)-solitons and iV-solitons. Two natural ques- 
tions are whether SHR's generalization can be achieved via bilinear BTs and how to choose the 
parameter in a BT so that we get transformations between positons, negatons, rational solutions 
and complexitons. So far for those solutions other than solitons which are derived via bilinear 
BTs, only some nonlinear superaddition formulae for rational solutions were reported [24|. 

In this paper we aim to investigate Wronskian solutions to the KdV equation via its bilinear 
BT. Our work will mainly focus on what the Wronskian condition is under the bilinear BT and 
how the parameter in the BT is related to positons, negatons, rational solutions and complexitons. 
We will show that the BT can provide transformations between solitons and solitons, between 
negatons and negatons, between positons and positons, between rational solution and rational 
solution, and between complexitons and complexitons. 

In the paper we will first in Sec. 2 investigate few properties of a kind of matrix with special 
form. Then in Sec. 3 we discuss Wronskian solutions to the KdV equation via bilinear BT. Finally 
in Sec. 4 we give Wronskian entries and transformations for many kinds of solutions. 

2 A kind of matrix with special form and their properties 

We consider the following complex s x s matrix set 



vector a = (oci, • • • , a s -i), stands for an s — 1 order column zero vector, and a ss is a complex 
scalar. 

Noting that A sxs is a block lower triangular matrix, we immediately reach to the following 
property. 

Proposition 2.1 Q s defined by (12. 1|) forms a semigroup with identity with respect to matrix 
multiplication and inverse. 

Since any square matrix is similar to a lower triangular one on the complex number filed C, 
we have 

Proposition 2.2 For any given A G Q s , there exists a transformation matrix B 6 Q s such that 






matrix with arbitrary complex numbers as entries, the complex 



A 



B~ V CB 



where C is an s x s lower triangular matrix. 




which is an s x s lower triangular matrix. □ 



— 1) x (s — 1) transformation matrix such that A is 



A = B~ l CB. Then for A we can take B = (| ° 
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Proposition 2.3 For any given A £ Q s , there exists a matrix T S Q s satisfying 

T~ l AT = r, 

where V is defined as the following form 

' rvx o 



(2-2) 

7 a ss ' 

with being the canonical form of A and 7 being an (s — \)-order row vector. Here we call 

(|2.2p quasi- canonical form of A. 



Proof: For arbitrary (s — 1) x (s — 1) matrix A, there exists a nonsingular (s — 1) x (s — 1) matrix 
T satisfying T~ 1 AT = Let 

' f 
1 



then we have 



T ' lAT ~ ( T I) ( a al ) ( 1 ) " ( a" ' ' 



where aT = 7 = (71,72, ••• ,7 s -i). □ 
Now we expand ^ s to a function semi- group <5 s [t] which consists of A sxs defined as (|2.ip but 
each non-zero entry of A sxs is a functions of t instead. For the function matrix in Q s [t], we have 
the following result. 

Proposition 2.4 Suppose that B(t) = (bij(t)) E GN[t] with bNN(t) = and each bij(t) S C[a, b] 
where a and b can be infinite. Then, there exists a non-singular N x N t-dependent matrix 
H(t) = (hij(t)) £ QnIA, satisfying 

H(t) t = -H(t)B(t). (2.3) 

Proof: The proof is similar to the one for Proposition 3.6 in Ref. [22] . We consider the following 
homogeneous linear ordinary differential equations 

h t (t) = -B T (t)h(t), (2.4) 

where h(t) is an iV-order column vector function of t. Then, for any given constant number set 
(to, hji, hj2, • • • , hjiy), under the condition of the proposition, (|2.4|) has unique solution vector 

hj(t) = {hj X (t),h j2 {t),--- ,h jN (t)f 

satisfying hj(to) = (hji,hj2,- • • ,hjN) T for each j = 1,2, ••• N. Noting that B(t) G Qn\t] and 
bNN(t) = 0, (H3J) suggests 

[h jN (t)]t = 0, j = 1,2,- •• ,N. 

Now we specially take (hj s )NxN which belongs to Gn and is nonsingular, and meanwhile, we 
take hjN{t) = for j = 1, 2, • • • , N — 1 and h,NN(t) = ^nn 7^ 0. That guarantees us to get a 
nonsingular function matrix 

H{t) = (h 1 [t),h 2 {t),--- ,h N (t)) T 
which solves (|2,3p . Thus we complete the proof. □ 



3 



3 Wronskian solutions to the KdV equation via bilinear BT 

3.1 Bilinear BT of the KdV equation 

The KdV equation is 

u t + 6uu x + u xxx = (3.1) 

with bilinear form[llJ 

(D t D x + D 4 x )f-f = (3.2) 

under the transformation 

u = 2(ln/) SM , (3.3) 
where D is the well-known Hirota's bilinear operator defined bv|12j 

Qra Qn 

D T D x a i^ x ) • b (t, x ) = Qs^Qy^ a ^ + s ' x + ~ s ' x ~ y)U=o,y=o, m, n = 1, 2, • • • . 
Prom (|3.2p . Hirota gave the bilinear BT of the KdV equation [23] as 

D 2 J-g-hf-g = 0, (3.4a) 
{D 3 x + D t + 3hD x )f-g = 0, (3.4b) 

where h is a parameter. 

3.2 Wronskian solutions to the KdV equation via bilinear BT 

An N x N Wronskian is defined as 

a A 1 ) A 1 *- 1 ) 
91 9l ■■■ 9l 



where S = d^fy/dx 1 . It can be expressed by the following compact form 



k A 1 ) A N -^ 
'JV 9 N ••• 9n 



W(9l = \<f>, </> (1) , • • • , (JV - 1} | = |0, 1, ■ • • , N - 1| = |iV^l| 



where = (01,^2, ' ' > <?W) T - 

If / = |JV — 1| and each entry <pj satisfies [4 J 



9^j,xx — ^j&ji 

bj,t — ^9^j,xxxi 



(3.5) 



with arbitrary parameter kj, then such an / solves the bilinear KdV equation (|3.2p . Besides, 
under the same Wronskian condition as (|3.5p . the bilinear BT (|3.4p provides a transformation [4 J 
between g = \N — 1| and / = |iV — 2, t^I where we take h = Ajv an d 

In this case, g and / provide iV-solitons and (N — l)-solitons of the KdV equation (|3.1|) through 

u = 2(lng) xx (3.7) 
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and (|3.3p . respectively. 

In a recent review [2 2 j it is shown that the bilinear KdV equation (|3.2p admits Wronskian 
solution 

/ = W{4>) = \N~^\\ (3.8) 

and the Wronskian condition is 

-<f> xx = A(t)cf>, . . 

<k = -Wxxx + B(t)<f>, 

where A{t) and B(t) are two arbitrary N x N matrices of t but independent of x and satisfy 

A(t) t + [A(t),B(t)} =0, (3.10) 

in which [A(t),B(t)} = A{t)B(t) - B{t)A(t). 

In what follows we investigate the Wronskian condition on the basis of the bilinear BT ([37 
Let us first give the following theorem. 



Theorem 3.1 Wronskian solutions to the bilinear BT (13.4h can be given by 

g = \N^l\, f = \N^2,r N \, (3.11) 

where tn is defined as (13. 6p and the Wronskian condition is 

- cp xx = A(t)<j>, (3.12a) 
<k = -H>xxx + B(t)<f>, (3.12b) 

A(t) = (aij(t)) NxN G Q N [t], B(t) = (bij(t)) NxN £ Q N [t] with b NN (t) = 0, satisfying 

A(t) t + [A(t),B(t)} =0, (3.13) 

and in (|3.4p we take h = — aivjv(t) = —onn which is a constant due to (|3.13p . 

Before giving the proof we consider the following Lemmas. 

Lemma 3.1 [1] Suppose that M is an N x (N — 2) matrix, and a,b,c,d are N -order column 
vectors. Then, we have 

\M,a,b\\M,c,d\ - \M,a,c\\M,b,d\ + \M,a,d\\M,b,c\ = 0. 

Lemma 3.2 j22^ I25j Suppose that 3 is an N x N matrix with column vector set {H-,}; f2 is an 
N x N operator matrix with column vector set {Qj} and each entry Qj s is an operator. Then we 
have 

N N 

5> i *H| = £l(riVS r l. (3.14) 

j=l 3=1 

where for any N -order column vectors Aj and Bj we define 

Aj ° Bj = (AijBij, A 2 jB 2 j, ■ ■ ■ ,AjsrjBNj) T 

and 

\Aj * S| = |Si, — ,Hj_i, AjoZj, Ej + i,--- ,Sjv| 



By virtue of Lemma 13.21 we can have several identities. For example, taking 3 = \N — 1| 
and £lj s = d x in Lemma 13.21 and under the Wronskian condition (|3.12ap . we can get 

- Tr(A(t))\N^l\ = \lf^2,N+l\ - \N^3, N - 1, N\, (3.15) 

where Ti(A(t)) is the trace of A(t). Similarly , let S = |iV — 2, tn\ and Qj s = d x , we have 

N 

-Tr(A(t))\N~^2,T N \ = \N^3,N,t n \ - \N^4, N - 2, N - 1, r N \ -^a jN \N^2,Tj\\ (3.16) 

3=1 

let H = \N^2,N\ and Q js = d 2 x , we have 

-Tr(A(t))\N^~2,N\ = \N~^~2,N + 2\ - \N^~l, N - 2, N - 1, N\; (3.17) 
let E = \N — 3, N — 1, rjv| and Qj s = d x , we have 

-Ti(A(t))\ff^3,N -1,t n \ = \N~^3,N + 1,t n \ - \N~^~5, N - 3, N - 2, N - 1,t n \ 

N 

- ^a jN \N^3,N - l,Tj\. 

i=i 

(3.18) 

These equalities will play important roles in our proof. 
Lemma 3.3 Consider N x N matrices 

g{<f>) = \N^1\, f(4>) = \N^2,T N \, 
where the entry vector <fi satisfies 

<t>t = B{t)<j>, 

and B{t) = (frjj(i))jvxiv is an N x N t-dependent matrix. Then, we have 

N 

gt = Tr(B(t))g, f t = Tr(B(t))f -^2b jN \N^2,Tj\. (3.19) 

In addition, if taking bjpj(t) = for j = 1,2 ■ ■ ■ ,N, then Dtg • / = 0. 

Now, we give the proof of Theorem 13.11 
Proof for Theorem I3.lt Instead of (|3.12p we first consider the following Wronskian condition, 

-<t>xx = A(t)<j>, 

<k = -4<t>xxx, 

where A(t) = (oy(t))iVxiV is an arbitrary t-dependent N x N matrix. 
Substituting (|3"T[) into (l3lal) yields 

gxx£j^ 2g x f x + gf xx -hgf _____ 

= \N^3,N-l,N\\N^2,r N \ + |JV^2,JV+l||iV r ^2,Tjv| - 2\N^2, N\\N^3, N - 1,t n \ 
+\N^l\\N^4,N -2,N -1,t n \ + |JV^l||iV r ^3 ) JV,TY| - h\N^l\\N^2,r N \. 

(3.20) 
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By means of (|3.15p . (|3.16p and the identity 

[Tr(A(t))\N^l\]\N^2,T N \ - \f^l\[Tr(A(t))\N^2,T N \] = 0, 

([3.20p can be simplified to 

9x X f ~ ^Qxfx+gfxx - hgf 
= 2\N^3,N- 1,N\\N^2,tn\ - 2\ff^2, N\\N^3, N - 1,t n \ 
+2\N^1\\N^3, N,t n \ - \N^l\N^2,t N \, 

where 

tn = (a N i(t), ■ ■ ■ , a/v(jv-i)(*)> a NN (t) + h) T . (3.21) 
Then, in light of Lemma 13.11 we have the identity 

\N^3,N -1,N\\N^2,t n \ - \N^2,N\\N^3,N- 1,t n \ + |iv^l||]V^3,iV,rjv| = 0, (3.22) 

and by this identity (|3.20p is reduced to 

9xxf ~ 2gxfx + gfxx ~ hgf = \N - 1\\N - 2,f N \. 

Obviously, to make the above formula zero, we need to take fjv = 0, i.e., A(t) 6 Qjq and h = 
—a>NN(t)- Thus (|3.4ap has been proved. 

For (f3~lh|) . making use of ([57R)j) . (fHTTH]) and the identity 



Tr(A(t))\N - 1\) \N - 2,r N \ x - \N - 1| {Tr(A(t))\N - 2,r N \ x ) = 0, 

and noting tm = 0, we have 

l.h.s.^M) = -6\N^2,t n \\N^4,N -2,N - 1,N\ -6\N^~l,N -2,N,t n \\N^1\ 
+6\N^2,T N \\ff^3,N-l,N + l\ +6\N^3,N+1,tn\\N^1\ 
-6\N^3,N -1,t n \\N^2,N + 1\ + 6\N^~l,N - 2,N - 1,t n \\N^2,N\, 

which is zero in the light of Lemma 13.11 

Finally, combining the Wronskian condition (|3.2|) and Lemma [3. 3 1 we can complete our proof 
for Theorem (13.11). 



3.3 Further discussion for the Wronskian condition 

In this subsection, we make a further discussion on the Wronskian condition (|3.12p . 

First, noting that / and g in the bilinear BT (|3,4p contribute solutions to the KdV equation 
(|3.ip respectively through the transformation (|3.3p and (|3.7p . one can conclude that for any t- 
dependent function p(t), f and p(t) ■ f provide same solutions to the KdV equation (|3.1|) through 
([33]), i.e., u = 2{\uf) xx = 2[ln(p(i) • f)] xx . So do g and p(t) ■ g. 



Lemma 3.4 Suppose that matrices g((j)) and f((j)) are defined as (|3.1ip with entry vector <p; 

4 = P(t)<P, (3.23) 
where P(t) = (Pij(t))NxN is an non-singular matrix in £?jv[t]. Then we have 

gty) = \P(t)\g(0), /(</>) = -jf%f (<!>)■ (3-24) 

PNN{t) 
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Proof: Suppose that P(t) = ( p V Then we have P~ l (t) = f , + . / "f'^j _ ° _ ) 

w \PW PnnWJ w \-p(t)P 1 (t)P NN (t) P NN (t)J 

and P-^Tjv = (0,0,- •• ,0,P^(£)) T . Then it is easy to check that 
gty) = |P(i)«£,P(i)0« •■■ ,P(t)^ N -^\ = \P(t)\g(<f>), 

fit/;) = |P(i)0,P(i)0« ••• ,P(t)^ N ~ 2 \P(t)p-Ht)r N \ = |P(i)|p-^)/(0), 

and thus we reach to (|3.24p . □ 
Thus, under the condition of the above Lemma, we conclude that g(4>) and g(i/j) generate 

same solutions to the KdV equation (|3.ip . So do f{4>) and f(ip). 
Next we turn to simplify the Wronskian condition f)3. 12[) 

For B(t) in (|3.12b|) . by virtue of Proposition 12.41 there exists a non-singular t-dependent 
matrix H(t) in Qjsr[t] such that 

H(t) t = -H(t)B(t). (3.25) 

If setting 

(|3.12p can be written as 



if) = H{t)(j), (3.26) 



-ip xx = A(t)if), , 3 

lf) t = -4:1p XXX , 

where A(t) = P^(t)^4(t)i? _1 (t) still belongs to £/7v[i]. In the light of Lemma [374~l <fi and if> lead to 
same solutions to the KdV equation. That also means that we can drop B(t) from (13. 12H . and 
consequently the Wronskian condition (|3.12p is simplified to 



J xx 



^YXXXl 



where A E Qn is arbitrary but independent of t due to f)3. 13j) . 

For further simplification, we can replace A by its any similar matrix T so long as the 
transform matrix T is in Qn, i.e., T = T~ 1 AT where T E Qn- We note that at this moment for 
any given matrix A in Qn we can not verify whether there exists a non-singular matrix B E Qn 
which makes A into its canonical form V = B~ 1 AB. However, by means of Proposition 12.31 we 
can employ a matrix T E Qn to transform A into its quasi-canonical form T and consider the 
following Wronskian condition 

r*~7?*> (3.29) 
ipt = -4ip xxx , 

where if) = Tcft, 

T=( Tn ^ ° ^ 

I 7 a NN J 

7 = (71, 72, • • • , 7iv-i) and IV-i is an (N — l)-order canonical matrix. 



(3.30) 



4 Wronskian entries 

4.1 General solutions to (ET25j> 

In this subsection, we discuss general solutions to the condition equation (|3.29p . We can separate 
(|3.29p into the following two sets: 

Set I : ( Z*~ = T ~ N -^ (4.1) 

[ 1p t = -^XXX, 
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Set II : <J ~^ N ' XX = a NN' l pN + Ylf=x Tj'V'i) t^ 2 ) 



where ip = (tpijifa, ■ ■ ■ ,4>n-i) T - 

For Set I, since Tat_i can be combinations of some diagonal matrices and Jordan blocks, one 
can directly consider that rjy_i is an (iV— l)-order diagonal matrix with distinct eigenvalues or an 
(N — l)-order Jordan block. In Refs.[2l]l22|. Set I has been discussed in detail and explicit general 
solutions corresponding to different Tjv_i are given. Particularly, for r^y-i being a Jordan block, 
the general solutions can be expressed in simple forms by means of lower triangular Toeplitz 
matrices [22 j. 

For Set II, some formulae have been worked out for the solutions to the following more 
general equations [2"T]. 

-ipN,xx = a NN ip N + F, , . 

4>N,t = -4lpN,xxx, 1 

where the function F = F(t,x) satisfies Ft = —AF XXX . By means of those formulae, solutions to 
the Set II can easily be obtained. Concretely, with ip in hand, when otvv = 0, we have 



where 



/■X rx' 

/ / F(t,x")dx"dx' + c(t)x + d(t), (4.4) 
Jo Jo 



c(t) = -4 / F xx (t', 0)dt' + c , d(t) = -4 / F x (t', 0)dt' + d , (4.5) 
Jo Jo 

F = Ylj=i Ij^ji both Co and do are arbitrary real constants; while when o/vjv begin a nonzero 
real or complex number we have 



—ipN= 7= (sinh yJ—aNNx) I Fix' , i)(cosh V ' —aNNx')dx' 

V a NN |_ J 

px 

— (cosh v / — oat nx) I F(x' , t)(sinh \/—aNN%')dx' 
Jo 

+ c W+ d M (sinh ^/— aNNX ^ _|_ c ( f ) ( cosn ^/— aNNX ^ 

where 

c(t) = e ^ a NNV-^NNt Cq _ 4 / e -4a WJV v-<W( + Fx + ^-a NN F)(0,t')dt' 

L Jo V~ a NN 

r ft 1 

d(t) = e -4»NNV-°NNt do + 4 e 4*NNV-a NN t'( + Fx _ ^a—F)(0, t')dt' 

L Jo V~ a NN 

F = Ylf^i 1 Ijtyji both Co and do are arbitrary complex constants. 

General solutions to (|3.29p with some special 7 will be given in Appendix. 



(4.6) 



4.2 Transformations of solutions 

If we consider u = 2(ln g) xx as a new solution generated from the old one u = 2(ln f) xx , obviously 
it is 7 and cl^n to determine what the new solution we will get. For example, if 

T = Diag(Ai,A 2 ,--- , Aat) 
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with N distinct negative eigenvalues {Xj 
N solitons from (N — 1) solitons. If 



kj}j=i, i-e., (~f,a NN ) = (0,0, ••• ,0, X N ), we will get 



1 





Ai 





V o 













o \ 




1 





Ai 
1 





Ai / 



NxN 



i.e., (7, o/vjv) = (0, 0, • • • , 0, 1, Aj), we will get an TV-order Jordan block solution from an (N — 1)- 
order Jordan block solution. Particularly, if Ai = in (14.2)) we get a transformation between 
rational solutions. If 



/ Ax 





•• 


• 











A 2 


•• 


• 














•• 


• 


Ajv-i 





V 





•• 


• 


1 






i.e., 



NxN 

(7, (Inn) = 



(0,0,- •• ,0,1,0), we 



with N — 1 distinct negative eigenvalues {Xj = —k 2 }j =1 , 
will get a mixed solution containing (JV — 1) solitons and one 'rational part'. 

Now we consider the transformations between complexitons [T9] (or breathers |20j). The M- 
complexiton solution corresponds to T is an even order canonical form and possesses M complex 
conjugate couples of eigenvalues, i.e., 



T = Diag(-Jfe?,-Jfc 



*2 

1 ! 



jr.2 _u*2 
r°2i h 2 1 



h 2 h* 2 \ 
-K M , —K M ), 



(4.7) 



where {— k 2 } are M distinct complex numbers, and * stands for complex conjugate. To achieve 
the transformation from (M — 1) complexitons to M complexitons, we need two steps of BT, as 
shown below, 



,2 



h* 2 



T = Diag(-A: 
T = Vmg{-kl-kl\-kl 



k<2 ^ k' 



*2 
2 ) 



h 2 



[ h = k 2 M in J3U| 



T = Diag(-fcf, -kf , -k 



2' ' 



-k 



h* 2 ■ 

I H: 

*2 

2 1" ' 



h 2 

fell indnm» 
h 2 



h* 2 



-k 2 



Mj 



h* 2 



h 2 h* 2 \ 



(4.8a) 
(4.8b) 
(4.8c) 



In other words, we first solve (13. 4H with h = —kj^, f = \2M — 3,T2M-i| and g = \2M — 2| where 
the Wronskian entries are provided by (I339|) with T defined by (|3~8b|) . Then we solve f|3.4f) with 
/i = k^, f = |2M — 2,T2m| and <7 = |2M — 1| where the Wronskian entries are provided by 
(|3.29p with r defined by (I4.8cp . The combination of these two BTs provides a transformation 
from (M — 1) complexitons expressed via / = \2M — 3, T2M-x\ to M complexitons expressed via 
g = \2M~^1\. 

In a similar way, we can achieve a transformation for high order complexitons (corresponding 
to T being a Jordan block defined as below). Suppose that 



(4.9) 



2Mx2M 





f A1 


•• 


• 





J2M[M] = 


h 


A 1 •• 


• 







V 


•• 


• h 


Ai 
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where 



h 



1 
1 



) 



Ai 







) 







kf 



The Wronskian g = \2M — 1| where its entry vector ifj solving (|3,29p with T = J2m[A-i] generates 
M-order complexitons[19j. Then, a transformation between (M — l)-order complexitons and 
M-order complexitons can be described as 



where is a zero (2M — 2)-order column vector and 7 = (0, 0, • • • ,0,1, 0) is a (2M — 2)-order row 
vector. 

Conclusions: 

We have discussed the Wronskian condition for the bilinear BT of the KdV equation. The 
condition we obtained here is quite similar to the one for the bilinear KdV equation[22j. We 
proved that this condition is reasonable by imposing suitable value to the parameter h in the 
bilinear BT. With further discussions the condition is finally the differential equation set (|3.29l) 
in which T can be a quasi-canonical matrix in Qn. General solutions for such a equation set have 
been given in Refs.[2T| I22j . By choosing V to be some diagonals or Jordan blocks, the corre- 
sponding solution to (|3.29p . i.e., the Wronskian entry vector if), can provide solitons, negatons, 
positons, rational solution and complexitons. Thus in the paper we have shown that the BT can 
provide transformations between solitons and solitons, between negatons and negatons, between 
positons and positons, between rational solution and rational solution, and between complexitons 
and complexitons. It also admits transformations for mixed solutions. Such discussions can be 
generalized to other soliton equations with bilinear BT and Wronskian solutions. 

Acknowledgments This project is supported by the National Natural Science Foundation 
of China (10371070, 10671121), the Foundation of Shanghai Education Committee for Shanghai 
Prospective Excellent Young Teachers, and Magnolia Grant of Shanghai Sciences and Technology 
Committee. 

References 

[1] V.B. Matveev, M.A. Salle, Darboux Transformations and Solitons, Berlin: Springer- Verlag, 1991. 

[2] M. Sato, Soliton equations as dynamical systems on infinite demensional Grassmann manifolds, Pub- 
lication of RIMS, Kyoto Univ., 439 (1981) 30-46. 

[3] Y. Ohta, J. Satsuma, D. Takahashi, T. Tokihiro, An elementary introduction to Sato theory, Prog. 
Theor. Phys. Suppl., 94 (1988) 210-41. 

[4] N.C. Freeman, J.J.C. Nimmo, Soliton solutions of the KdV and KP equations: the Wronskian tech- 
nique, Phys. Lett. A, 95 (1983) 1-3. 



r = «/2(m-i) [Ai] 



I h = k\ in J32J 




1 / (2M-: 
I h = kf in (33) 

T = J 2M [Ai], 



11 



J.J.C. Nimmo, N.C. Freeman, A method of obtainning the soliton solution of the Boussinesq equation 
in terms of a Wronskain, Phys. Lett. A, 95 (1983) 4-6. 

J.J.C. Nimmo, N.C. Freeman, Rational solutions of the KdV equation in Wronskian form, Phys. Lett. 
A, 96 (1983) 443-6. 

J.J.C. Nimmo, N.C. Freeman, The use of Backhand transformations in obtaining N-soliton solutions 
in Wronskian form, J. Phys. A: Math. Gen., 17 (1984) 1415-24. 

J.J.C. Nimmo, Soliton solutions of three differential-difference equations in Wronskian form, Phys. 
Lett. A, 99 (1983) 281-6. 

N.C. Freeman, J.J.C. Nimmo, Soliton solitons of the KdV and KP equations: the Wroanskian tech- 
nique, Proc. R. Soc. Lond., A389, (1983) 319-29. 

N.C. Freeman, Soliton solutions of nonlinear evolution equations, IMA J. Appl. Math., 32 (1984) 
125-45. 

R. Hirota, Exact solution of the KdV equation for multiple collisions of solitons, Phys. Rev. Lett., 27 
(1971) 1192-4. 

R. Hirota, The Direct Method in Soliton Theory, Cambridge University Press, 2004. 

C.S. Gardner, J.M. Greene, M.D. Kruskal, R.M. Mirua, Method for solving the Korteweg-de Vries 
equation, Phys. Rev. Lett, 19 (1967) 1095-7. 

M.J. Ablowitz, H. Segur, Solitons and the Inverse Scattering Transform, SIAM Philadelphia, 1981. 

S. Sirianunpiboon, S.D. Howard, S.K. Roy, A note on the Wronskian form of solutions of the KdV 
equation, Phys. Lett. A, 134 (1988) 31-3. 

V.B. Matveev, Generalized Wronskian formula for solutions of the KdV equations: first applications, 
Phys. Lett. A, 166 (1992) 205-8. 

V.B. Matveev, Positon-positon and soliton-positon collisions: KdV case, Phys. Lett. A, 166 (1992) 
209-12. 

C. Rasinariu, U. Sukhatme, A. Khare, Negaton and positon solutions of the KdV and mKdV hierarchy, 
J. Phys. A: Math. Gen., 29 (1996) 1803-23. 

W.X. Ma, Complexiton solution to the KdV equation, Phys. Lett. A, 301 (2002) 35-44. 

M. Jaworski, Breather-like solutions to the Korteweg-de Vries equation, Phys. Lett. A, 104 (1984), 
245-7. 

W.X. Ma, Y.C. You, Solving the Korteweg-de Vries equation by its bilinear form: Wronskian solutions, 
Transaction Americ. Math. Soc, 357 (2005) 1753-1778. 

D. J. Zhang, Notes on solutions in Wronskian form to soliton equations: KdV type, 
|arXiv:nlin.SI/0603008[ 

R. Hirota, A new form of Backlund transformation and its relation to the inverse scattering problem, 
Prog. Theor. Phys., 52 (1974) 1498-1512. 

X.B. Hu, P.A. Clarkson, Rational solutions of a differential-difference KdV equation, the Toda equa- 
tion and the discrete KdV equation, J. Phys. A: Math. Gen., 28 (1995) 5009-16. 

D.J. Zhang, J. Hietarinta, Generalized double- Wronskian solutions to the nonlinear Schrodinger equa- 
tion, preprint, 2005. 



12 



A General solutions to ( 13.291 ) 

Here for reference we list general solutions to ()3.29j) with T being different canonical forms of an 
N x N constant matrix. All these results we list here can be found in Refs.[22] and |21j . 
Case 1 

r = £>-[A 1; A 2 , • • • , X N ) = Diag(-fc?, -k 2 2 , • • • , -k%), (A.l) 
where {— kj = Xj} are N distinct negative numbers, {kj} are positive without loss of generality. 



In this case, 
in which 



or 



where 



a t 1 anc ^ e?J are a ^ rea ^ cons t an ts. 
Case 2 

r = D+[\x, A 2 , ■ ■ ■ , X N ] = Diag(fc?, kj, ■ ■ ■ , k%), (A.6) 

where {kj = Xj} are N distinct positive numbers, {kj} are positive without loss of generality. In 
this case, 

ip = V^[Ai, A 2) - • ■ , Ajv] = 0+,V^,- ■ • ,V>at) T > 



if) = tp^[Xx,X 2 ,-- ■ ,x N ] = (^T,ip2r- ■ ,^n) t , 

ipj = a 1 - cosh ij + aj sinh , 
Zj = kjx-4kp + tf\ j = l,2,---N, 



(A.2) 
(A.3) 
(A.4) 
(A.5) 



t(0) 



in which 



or 



where 



ijj'j = a~j cos 9j + aj sin 6j , 
*f = b+e»> + bj 



kjX + Akp + ef, j = l,2,---N, 



(A.7) 
(A.8) 
(A.9) 
(A.10) 



q(0) 



a^, b^ and e°i are all real constants. 



Case 3 



r = ^[Ai] 



/ -k\ 
1 -k\ 

V 



\ 



1 -A^ y 



(A.ll) 



N 



where —k\ = X\ is a negative number and k\ also positive. In this case, 

^ = ^~[Ai] =AQ£ + BQq, Gn, 

where 



2o ~~ (2o,o> 2o,i' ' ' ' ' Qq,n-i 



± 



(A.12) 
(A.13) 



and Gjv is a semigroup consisting of all of iV-order lower triangular Toeplitz matrices [22J 
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We can also alternatively consider 





/ 


-kl 





•• 


• 








\ 






-2ki 


-kl 


•• 


• 










r = f^[fc!] = 




-1 


-2ki 


-kl •• 


• 












V 








•• 


• -1 


-2ki 


-kl 


J 



(A.14) 



A' 



which generates same solutions to the KdV equation as (|A.lip does. In this case we have 

^ = ir J N [k{\ =AQ+ + BQq, A, B e Gn, 



where 



Qo — (Qo,oi 2o,l> " ' > Qq,n-i 



Case 4 



r = 4[Ai] 



( k\ 
1 k\ 



o o \ 





V ••• 1 k\ ) 

where k\ = X% is a positive number and k± also positive. In this case, 

i/> = rPi + [Ai] = AV+ + BVq , A, B € G N , 



N 



with 



And for 



v ± _ ( V ± <p± ... <p± )T v ± _ ( i y gj b ± e ±iOi 
'0 — V' 0,0' '0,1' i'Q,N-l) ' ' 0,j — -| "X! !^ 



r = r+[A;i] 



/ kl 

2Jfei kl 
1 2fci fcf 



\ 





1 2ki kl J 



N 



we have 
with 



\ 

rP = ^ + [ki] = AV+ + BV , A,BeG N , 

•p± - ("6± p± . . . p± \T -pi _ 2. nj ftipi^! 
'0 — V' 0,0' '0,1' ' r 0,N-lJ ' ' Oj ~~ ,! fc i 1 



Case 5 



1 — j^v 



/ 
1 
1 



V o o o 



J- 

\ 





1 J 



N 



In this case, 



il) = ilP N = AKt + BKQ, A,B e Gn, 



(A.15) 
(A.16) 

(A.17) 



(A.18) 
(A.19) 



(A.20) 

(A.21) 
(A.22) 



(A.23) 



(A.24) 
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where 
with 



(-1? 



R °' j (2j)l Idk^ 



&3 



cosh£ 



^-o ~~ (^0,0 > ^0,1 > ' ' ' >^0,JV-l) 

(_l)j r d 2 i +1 



R, 



fci=o' °' j (2j + 1)! ldh 2 i +1 



sinh £i 



Case 6 



fei=o 



T = £>£,[Ai, A 2 , ■ ■ ■ , A M ] = Diag(-tf , — fe* , -k\\ • • • , -k z M , -A#), 

where {— k? = Aj} are M distinct complex numbers, and * means complex conjugate, 
case, 



Y> = V 2 c M [Ai, A 2 , • • • , A M ] = (Vf, Y>f , V>f, • • • , 1>Z, ^m) T 



where 



or 



with 



ipf = a\ cosh^j + a j sinh£j, 



4>f = b+efc +bje-b, 



+ i AO) 
a j ' an d e j are au complex constants. 

Case 7 



where —kf = Xi. In this case, 



A 

A* 



, A 



/ -kl 
1 -k\ 

V 



\ 



1 -kl) 



2M 



4 
.4* 



or 



+ 



B 

B* 



where 



Qo ) 
(-iy 



, A,B e Gm, 



If we alternatively take 

r = J 2 c M [K 1 ] = 



-Kl 

















-2K X 


-Kl 














-h 


-2Ki 


-Kl ■ 




















• -h 


-2Kx 


-Kl 



2M 



where 



h o 
o fc*y 
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and —K\ = Ai, we have 

^ = = A B Q+ + B b Qq, (A.37) 



with 



2o = (Solo, Sjo, ^1, 2£, • • • , QoVn ^m-i) T , = (A. 38) 

where A B and ,8 B are 2M-order block lower triangular Toeplitz matrices with entries Aj and Bj 
defined as 
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